Abstract. The equivariant rho-invariants studied in this paper are a version of the classical rho-invariants of Atiyah, Patodi, and Singer in the presence of an isometric involution. We compute these rho-invariants for all involutions on the 3-dimensional lens spaces with 1-dimensional fixed point sets, as well as for some involutions on Brieskorn homology spheres.
Introduction
Let Y be a closed oriented Riemannian 3-manifold and α : π 1 (Y ) → U(n) where θ : π 1 (Y ) → U(n) is the trivial representation. It is independent of the metric and defines a diffeomorphism invariant of (Y, α).
This paper deals with equivariant analogues of the η-and ρ-invariants in presence of an orientation preserving isometric involution τ : Y → Y as defined in [APS75] and [Don78] . Suppose that a representation α : π 1 (Y ) → U(n) is such that its pull-back τ * α is conjugate to α. Then the pull-back of the flat vector bundle E α is isomorphic to E α hence τ can be lifted to a flat bundle automorphism ν : E α → E α . Note that the lift ν need not be an involution and that there may be more than one lift. The lift ν acts on Ω ev (Y ; sign λ · Tr(ν * | W λ,α ) |λ| s admits a meromorphic continuation to the complex plane with no pole at the origin. The value of this function at s = 0 is the equivariant η-invariant of the triple (Y, α, ν) which we denote by η α (ν, Y ).
Let θ : π 1 (Y ) → U(n) be the trivial representation and assume that the flat vector bundle E α is abstractly trivial. Define the equivariant ρ-invariant by the formula
where the same lift ν is chosen for both α and θ. For a fixed lift ν, the equivariant ρ-invariant turns out to be independent of the metric and is invariant under diffeomorphims of Y that commute with τ .
In the case of a free involution, the equivariant ρ-invariant can often be computed using the Fourier transform techniques of [APS75] . However, the condition on the involution to be free is too restrictive: for example, non-free involutions are intrinsic to the calculation of Floer indices in the instanton knot homology by Poudel and Saveliev [PS15] . Calculations for non-free involutions are rather sparse in the literature; examples of such calculations can be found in Degeratu [Deg09] and Saveliev [Sav99] . We add to this body of knowledge an explicit calculation of the equivariant ρ-invariants for smooth involutions on 3-dimensional lens spaces L(p, q) with one-dimensional fixed point sets, as classified by Hodgson and Rubinstein [HR85] .
Let us view the lens space L(p, q) as the quotient of the unit sphere S 3 ⊂ C 2 by the action of the cyclic group of order p whose generator sends (z 1 , z 2 ) to (ζz 1 , ζ q z 2 ) for ζ = e 2πi/p . Consider the involution τ : L(p, q) → L(p, q) defined on the orbits of this action by the formula τ ([z 1 , z 2 ]) = [−z 1 , z 2 ]; this is one of the involutions on the Hodgson-Rubinstein list. It has a circle as its fixed point set. With a base point on this circle, the induced action τ * on the fundamental
a lift ν : E α → E α which will be called the canonical lift and denoted by τ . Despite the fact that the bundle E α need not be trivial, the equivariant ρ-invariant is well-defined using the canonical lift on both bundles. The same can be said about the involution on
Theorem A. Let α : π 1 (L(p, q)) → U(1) be a representation sending the canonical generator to e 2πiℓ/p , with p odd. If the involution τ :
If p ≥ 2 is even, the formulas above are valid with the modification that the singular terms be left out of the summation.
It follows from Hodgson and Rubinstein [HR85] that every smooth involution on a lens space L(p, q) which has one-dimensional fixed point set and satisfies
is strongly equivalent to one of the involutions in the above theorem. The only other involution in their classification for which τ * α and α are conjugate, this time as SU (2) representations, is induced by the complex conjugation on S 3 . In this case, it was shown by Saveliev [Sav99] that the equivariant ρ-invariants vanish for all L(p, q). We will give an independent proof of this fact in Section 3.2. In the special case of p = 2, every orientation preserving involution with onedimensional fixed point set is strongly equivalent to the complex conjugation involution on RP 3 with the fixed point set projecting to the Hopf link, and the equivariant ρ-invariants for such an involution all vanish. Let p and q be positive relatively prime odd integers. The Brieskorn homology sphere Σ(2, p, q) is the link of the complex surface singularity {(x, y, z) ∈
It has a natural orientation preserving involution τ (x, y, z) = (−x, y, z) contained in the circle action that gives Σ(2, p, q) the structure of a Seifert fibered manifold. This involution turns Σ(2, p, q) into the double branched cover of S 3 with branching set the right-handed (p, q)-torus knot. Since Σ(2, p, q) is an integral homology sphere, all non-trivial representations α : π 1 (Σ(2, p, q)) → SU(2) are irreducible. For every irreducible representation α, its pull back τ * α is conjugate to α, and there is an essentially unique lift ν : E α → E α that does the job. We will derive a formula for the equivariant ρ-invariant of the adjoint representation Ad α : Σ(2, p, q) → SO(3) with respect to the adjoint lift, which we again call ν. To conform to our general setup, we will view SO(3) as a natural subgroup of SU(3).
To state our result, choose a set of Seifert invariants (0; (2,
for Σ(2, p, q), where b 2 and b 3 can be any even integers such that pqb 1 + 2qb 2 + 2pb 3 = 1. In addition, recall from Fintushel-Stern [FS90] that an irreducible representation α : π 1 (Σ(2, p, q)) → SU(2) is uniquely determined by its rotation numbers (1, ℓ 2 , ℓ 3 ), where ℓ 2 and ℓ 3 are even integers satisfying 0 < ℓ 2 < p and 0 < ℓ 3 < q and certain additional constraints.
Theorem B. Let p, q be relatively prime odd integers and α : π 1 (Σ(2, p, q)) → SU(2) an irreducible SU(2) representation with rotation numbers (1, ℓ 2 , ℓ 3 ).
Then the equivariant ρ-invariant of Σ(2, p, q) with respect to the aforementioned involution τ and the lift ν is given by
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Preliminaries
In this section we collected some well-established results which will be used later in the paper.
2.1. Bundle automorphisms. Let Y a closed oriented 3-manifold with a smooth orientation preserving involution τ : Y → Y generating a subgroup Z/2 of the group of diffeomorphisms of Y . Given a vector bundle E → Y such that τ * E is isomorphic to E, we will follow Austin [Aus90] and consider the group G of bundle automorphisms of E lifting the elements of Z/2. We obviously have a short exact sequence
where G is the group of gauge transformations of E. The group G acts on the affine space A of connections on E via g * A = g · A · g −1 giving rise to a well-defined action τ * : B → B on the configuration space B = A/G. We are interested in the fixed point set of this action.
Let A ∈ A be a connection whose gauge equivalence class is fixed by τ * then there is a lift ν ∈ G such that ν * A = A. All such lifts generate the stabilizer G A of A in the group G, and we have a short exact sequence
where G A is the stabilizer of A in the gauge group G. Replacing A by a gauge equivalent connection results in conjugating this exact sequence by the gauge transformation. The following special cases of this construction will be of particular importance in this paper.
Example 2.1. Let E be a real vector bundle of rank three and A an irreducible SO(3) connection. The stabilizer G A is then trivial and it follows from (1) that there exists a unique lift ν leaving A invariant. This lift has the property that
Example 2.2. Let E be a complex vector bundle of rank two and A an irreducible SU(2) connection. Then G A = {±1} and the lifts fixing A satisfy ν 2 = ±1 with the sign depending on whether G A is isomorphic to Z/2 ⊕ Z/2 or Z/4. Note that since every SU(2)-bundle E over Y is trivial, we may fix a trivialization E = Y × C 2 and view our lifts as functions ν :
given by ν(y, ξ) = (τ (y), u(y)ξ) with u : Y → SU(2). According to [RS04,  page 38]), every lift ν is then equivalent up to gauge transformation to a lift with the constant u : Y → SU(2). Note that ν preserves the product connection on Y × C. The flat bundle E α is the quotient of Y × C by the action of π 1 (Y ) given by the formula
Since ν obviously commutes with this action it descends to a well defined map
The lift ν will be referred to as a constant lift; the canonical lift of the introduction is then the constant lift corresponding to the choice of u = 1. Note that a constant lift is uniquely determined by its action on the fiber of E α over any fixed point of τ : Y → Y . Also note that any lift
connection must be a constant lift, therefore, any lift ν : E α → E α is gauge equivalent to a constant lift.
It is not difficult to see that conjugating a representation α :
replaces the operator B 
where L = p 1 (X)/3 and p 1 (X) is the first Pontryagin class of the tangent bundle of X. Since the bundle E α is flat, the Chern character ch(E α ) equals n, the rank of E α .
Let τ : X → X be an orientation preserving isometric involution extending the involution τ : Y → Y on the boundary Y and suppose that α : π 1 (X) → U(n) is such that τ * α is conjugate to α. Given an extension of the lift ν :
E α → E α to the flat bundle over X, we have the following formula
see Donnelly [Don78] . In general, the fixed set X τ of the involution τ is a disjoint union of isolated fixed points and 2-dimensional fixed surfaces, possibly with non-empty intersection with the boundary. Since the bundle E α is flat, the equivariant Chern character ch ν (E α ) is just the trace of the lift ν acting on the fibers over the fixed point set. The class L(X τ ) is a certain combination of characteristic classes; in the special case when X τ consists of only
, the Euler class of the normal bundle to the fixed point set.
Choose α to be the trivial representation θ : π 1 (X) → U(n) and use the same lift ν to obtain the formula
The difference of the last two displayed formulas then results in
Another application of the above formula to the product Y ×[0, 1] as in [APS75] yields the following results.
Theorem 2.4. For a choice of equivariant representation α and a lift ν, the invariant ρ α (ν, Y ) is independent of the choice of τ -invariant metric and is a diffeomorphism invariant of (Y, α, τ ), i.e. it is invariant under diffeomorphisms of Y that commute with the involution τ .
Involutions on lens spaces. The classification of smooth involutions on
lens spaces with one-dimensional fixed point sets was given by Hodgson and
Rubinstein [HR85] . In this section we summarize some of their main results that will be used in this paper.
Then every orientation preserving involution on V is strongly equivalent to one of the following :
The involution g 1 fixes two properly embedded arcs in V with orbit space the 3-ball B 3 . The fixed arcs in V project to properly embedded unknotted arcs in the orbit space. The involution g 2 has a fixed core as the fixed point set and the quotient V /g 2 is again a solid torus whose core is the image of the fixed set. The involutions g 3 and g 4 are free and equivalent but not strongly equivalent. The orbit spaces are again solid tori.
We next describe smooth orientation preserving involutions τ on lens spaces
Heegaard splitting consisting of τ -invariant solid tori V and V ′ . Then τ is strongly equivalent to one of the following : 
Calculations for lens spaces
This section is dedicated to the proof of Theorem A. The lens space L(p, q)
will be denoted by Y , its universal covering space by Y = S 3 , and the cyclic group π 1 (Y ) by G. Note that G has a canonical generator, and denote by α ℓ : G → U(1) the representation that sends that generator to e 2πiℓ/p , ℓ = 0, · · · , p − 1. We will begin by relating the equivariant η-invariant of the odd signature operator
We will use trivial bundle lifts throughout.
Proposition 3.1. Let τ : Y → Y be an isometric involution which lifts to an involution τ :
Proof. The equivariant η-invariant is defined as the value at s = 0 of the meromorphic continuation to the complex plane of the function
where W λ is the λ-eigenspace of the operator
-module which can be decomposed into irreducible submodules
On each of the modules W λ,α ℓ the action of g * is diagonal of weight g −ℓ hence
where we used the natural identification of W λ,α ℓ with the λ-eigenspace of the operator B ev α ℓ
. From this we easily conclude that
for all s whose real part is sufficiently large. The result now follows from the uniqueness of meromorphic continuation.
Corollary 3.2. Let α : G → U(1) be an arbitrary unitary representation and χ α : G → U(1) its character. Then
Proof. This easily follows from the definition of the equivariant ρ-invariant and the formula
obtained by applying the Fourier transform to the formula in the above proposition.
Involutions of types B and B
Write the elements of G in the form g k with k = 0, . . . , p − 1 using the canonical generator g ∈ π 1 (L(p, q)) then the formula (2) gives
For any k = 0, the map τ g k has an isolated fixed point (0, 0) with the rotation number (p + 2k, 2kq) (mod 2p) hence
see [APS75] , where it is referred to as the signature defect. The above formula for the ρ-invariant then becomes
That this formula matches that of Theorem A can be easily seen by re-writing
is handled similarly: using the rotation number (2k, p + 2qk) (mod 2p) we first obtain the answer
and then simplify it to arrive at the formula of the theorem. and α are conjugate in SU(2). Therefore, we have a well defined equivariant ρ-invariant ρ α (ν, L(p, q)) for a certain lift ν : E α → E α . According to Saveliev [Sav99] this invariant vanishes for all α; we offer here an alternative proof of that statement.
The G-signature theorem of Donnelly [Don78] applied to τ g in the extension
where τ is the complex conjugation involution on the 4-ball yields the formula
The two terms of the right hand side of this formula are metric dependent.
Once we show that the integral term vanishes for a large class of metrics, the vanishing result for ρ α (ν, L(p, q)) will follow from Corollary 3.2.
To see that the integral vanishes, we attach an equivariant 2-handle along the circle ∂F = F ∩ S 3 with framing 0 and choose a metric on D 4 that is product near the boundary and which restricts to the flat Euclidean metric on the D 2 -normal disk bundle of F . In addition, choose the product of flat Euclidean metrics on the 2-handle D 2 × D 2 . The result is a Riemannian 4-manifold with an involution that has a 2-sphere as its fixed point set. The vanishing of the integral in question is now a special case of the following lemma.
Lemma 3.3. Let (X 0 , τ ) denote a smooth, compact 4-manifold with boundary S 3 which admits an involution that has fixed point set F of codimension two with non-empty intersection with the boundary. Choose a metric that is a product metric on the end and restricts to the flat Euclidean metric on the D 2 normal bundle of F . Then with boundary X and a closed surface F as its fixed point set and empty intersection with the boundary ∂X. The self intersection F can be computed as a topological invariant and we do this by taking a perturbation of core disk
because of the framing of the 2-handle. On the other hand, Remark. We mention here the case when p ≥ 2 is even in Theorem A. The same formulas work if we ignore the singular terms of the summation. This is because the fixed point set of τ g k is no longer an isolated fixed point but a fixed 2-disk when k = p/2 and by the lemma above the term η( τ g k , S 3 )
vanishes. Similarly for the other involution given by τ ([z 1 , z 2 ]) = [z 1 , −z 2 ], the fixed point set is a fixed 2-disk and η( τ g k , S 3 ) vanishes for k = q * p/2, where q * is the multiplicative inverse of q mod p.
Combinatorial interpretation
In this section we interpret the equivariant ρ-invariants of Theorem A as a , q) ) to e 2πiℓ/p . A straightforward calculation yields
This can be further simplified using the identities
where 1 ≤ q * ≤ p − 1 is to be found from the equation* = 1 (mod p). To verify the latter identity, write
with respect to the variable u = t q (remember that ℓ is assumed to be even) and multiply by t q − 1. We obtain
Introduce the notation
Since some of the sums in this formula are zero when ℓ = 0 (mod p) this further simplifies to
This formula has the following combinatorial interpretation. Consider the (i, j)-lattice with i = 0, 1, . . . , ℓ and j = 1, 2, . . . , q * ℓ − 1. The first sum is a signed count of the lattice points in the interior of the rectangle with qj = i (mod p). The second sum picks up points on the line i = ℓ that satisfy qj = ℓ (mod p). Finally, the third sum counts points on the j-axis that satisfy qj = 0 (mod p). Plot the function φ(j) = qj/p − i/p as a family of lines for i = 0, . . . , ℓ. The convex hull of these lines is the parallelogram P(p; q, ℓ) with
In terms of this parallelogram, the outcome of the above calculation can be stated as follows.
Theorem 4.1. Let p and q denote non-zero, relatively prime positive integers and ℓ an even integer such that ℓ = 0 (mod p). Then
where # s denotes the following signed count of lattice points in P(p; q, ℓ): the sign of a lattice point (j, φ(j)) is given by (−1) j , the origin is not counted, and points in the interior are counted with weight 2.
Due to the weight of interior points and symmetry on the boundary, the equivariant ρ-invariant δ τ (p; q, ℓ) is always an odd integer. A similar description could be obtained for the other formula of Theorem A but we will not need this in the current paper.
Remark. It should be mentioned that Casson and Gordon [CG86] have a similar formula for their function δ(p; q, ℓ) which reads δ(p; q, ℓ) = − 2q * ℓ 2 p + # P(p; q, ℓ) + 1.
Brieskorn Homology Spheres
Let p and q be positive relatively prime odd integers. The Brieskorn homology sphere Σ = Σ(2, p, q) is the link of singularity at the origin of the complex polynomial x 2 + y p + z q = 0, in particular, it is canonically oriented. The involution τ (x, y, z) = (−x, y, z) makes Σ into a double branched cover of S 3 with branch set the right-handed (p, q) torus knot. The manifold Σ is Seifert fibered over S 2 with a set of unnormalized Seifert invariants (2, b 1 ), (p, b 2 ), (q, b 3 ) with even b 2 and b 3 found from the equation pqb 1 + 2qb 2 + 2pb 3 = 1. For a choice of base point fixed by τ , the fundamental group of Σ is isomorphic to
and the induced action τ * : π 1 (Σ) → π 1 (Σ) is given by the formula τ * (g) = 
Our calculation will rely on the flat cobordism technique of Fintushel and
Stern [FS85] . Let W be the mapping cylinder of the quotient map Σ → S 2 .
It is well known that W is an orbifold with boundary Σ and with singularities that are cones over the lens spaces L(2, 1), L(p, b 2 ), and L(q, b 3 ). The orbifold W can also be viewed as the orbit space of the circle action on Σ × D 2 given by the Seifert fibered structure on Σ and by the complex multiplication on the 2-disk. We orient W so that the induced orientation on its boundary matches the canonical orientation on Σ. With this orientation convention, the intersection form on H 2 (W ; R) = R is negative definite.
The involution τ naturally extends to an involution τ : W → W . To figure out how τ acts on the lens spaces, we consider equivariant tubes
around the orbits of finite isotropy in Σ×D 2 . The circle actions on these tubes were described by Fintushel and Stern [FS85] . For the singular orbit of isotropy 2, the circle action is given by t(z, s, w) = (t pq z, t 2 s, tw). The involution τ , which corresponds to the choice of t = −1, acts as τ (z, s) = (−z, s) and hence is of type g 2 . On the singular orbits of isotropies p and q the circle actions are given by t(z, s, w) = (t 2q z, t p s, tw) and t(z, s, w) = (t 2p z, t q s, tw), respectively.
In both cases, specifying t = −1 yields the involution τ (z, s) = (z, −s) of type Let us choose a base point x 0 in the fixed point set of the involution τ : Σ → Σ and observe that Proof. Note that all SO(3) bundles over L(p, b 2 ) and L(q, b 3 ) are trivial for topological reasons because p and q are odd, therefore, it makes sense to talk about trivial lifts. We will prove the triviality of the lift for L(p, b 2 ), the argument for L(q, b 3 ) is similar. The action on the fundamental group τ * :
1 . Let y 0 be a base point in L(p, b 2 ) on the fixed point circle. We are going to determine the induced 
where u = τ * (γ)
−1 x 1 γ. For any irreducible SO(3) representation Ad α of π 1 (W 0 , x 0 ), the restriction of the representation to the lens space L(p, b 2 ) sat-
To determine the lift we must conjugate u by γ and we obtain γuγ −1 = (γτ * (γ) −1 )x 1 , which can be shown to be homotopically trivial.
To see this, note the restriction of the involution τ to L(2, 1) can be given Let α : π 1 (Σ) → SU(2) be an irreducible representation and apply the G-signature theorem of Donnelly [Don78] to the flat cobordism W 0 to obtain
where e(N(F 1 )) + 3
Similarly, for the trivial representation Ad θ : π 1 (Σ) → SO(3) and a constant lift ν of order two we have
Taking the difference of the above two formulas we obtain
We showed in Section 3.2 that ρ Ad α 1 (ν, L(2, 1)) = 0. The equivariant η-invariants in the above formula do not add up to equivariant ρ-invariants because of the discrepancy in the lifts. To rectify this problem, note that
where η(τ, L(p, b 2 )) stands for the equivariant η-invariant corresponding to the trivial U(1) representation, and that similar formulas hold for L(q, b 3 ).
Therefore, we can write
Since the involution τ is part of the circle action on Σ, the twisted signature vanishes and sign Ad θ (ν, W 0 ) = − sign(W 0 ) = 1. The integral term in the above formula is the orbifold self-intersection number of the orbit 2-sphere, which equals −1/2pq. Therefore,
To finish the calculation, express the equivariant ρ-invariants in terms of
and use the formulas of Theorem A to arrive at the following result.
Theorem 5.2. Let p, q be relatively prime odd integers and α : π 1 (Σ(2, p, q)) → SU(2) an irreducible representation given by its rotation numbers ℓ 1 , ℓ 2 and ℓ 3 as in Fintushel-Stern [FS90] . Let τ : Σ(2, p, q) → Σ(2, p, q) be the involution contained in the natural circle action on Σ(2, p, q), and let ν be the unique lift of τ to the flat bundle E Ad α . The equivariant ρ-invariant of Ad α with respect to this lift is given by
On instanton homology of torus knots
Kronheimer and Mrowka [KM11] defined singular instanton Floer homology I ♮ (K) for knots K in the 3-sphere and used it to prove that Khovanov homology is an unknot detector. The chain complex IC ♮ (K) for computing this 
and gr(α) is the grading of α as a generator in the instanton Floer chain complex of the homology sphere Σ(2, p, q), see [PS15, Section 6.2].
An explicit formula for the gradings gr(α) can be found in Fintushel-Stern [FS90] . Let α be given by its rotation numbers ℓ 1 = 1, ℓ 2 and ℓ 3 , and define e = pqℓ 1 + 2qℓ 2 + 2pℓ 3 . Then
by I * (Σ(2, 3, 7)) = (0, 0, 0, Z, 0, 0, 0, Z).
Using the formula above, we can compute the gradings µ(α 1 ) = 87 ≡ 3 (mod 4) and µ(α 2 ) = 125 ≡ 1 (mod 4). Taking into account the special generator of grading zero, we obtain
Example 6.2. We can include the previous example in an infinite family of torus knots T 3,6n+1 ⊂ S 3 . The double branched cover is the Brieskorn homology sphere Σ(2, 3, 6n+1) with Seifert invariants Σ((2, −3), (3, 2), (6n+1, 5n+1)) if n is odd and Σ((2, −1), (3, 2), (6n+1, −n)) for n even. There are 2n irreducible Using these values we obtain µ(α) = 2(144n 2 + 48n + 42nℓ 3 + 4 + 7ℓ 3 + 3ℓ 
